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1 Bessel Equations of Order v

1.1 Find the Indical and Recurrence Equations

1. 2 Find the First Independent Solution
1. 2.1 Find the First Independent Solution with the Larger 1
1. 2. 2 The Bessel Function of the First Kind

1. 3 Find the Second Independent Solution (v ¢ N)

1. 4 Find the Second Independent Solution (v € N)
1. 4. 1 Reduction of Order
1. 4. 2 The Other Method
1. 4. 3 The Bessel Function of the Second Kind

2 Reduce Differential Equations to Bessel Equation
212% +ay — (2 +0*)y=0
2 21,2 " + ! 2,2 .2 =0
. Y Ty + (a T v )y =
2.32%y" +azy + (2> —v*)y=0
2.4 * For thoughts: 3/ —zy =0

Let's apply the Method of Frobenius to solve Bessel equations.

And analyze the solutions (Bessel functions).

1 Bessel Equations of Order v

a:zy" —|—a:y' + (x2 - Uz) y=0
Having a regular singular point at 0.

The Method of Frobenius can be applied.

1.1 Find the Indical and Recurrence Equations

Choose the Frobenius ansatz

Besides,

$2Q(51f'):93 - v, Qo =-—v", ¢@=1



Setting
F(z) :=z(z — 1) + poz + g = z° — v*
We get the indicial equation and recurrence equations

F(r)y=7r"—4v*=0
—1

3

anF(r+m)=— (gm—k + (r + K)pm_k)ar, m>1
—0

ol

Which gives us

rP—v®=0
a((r+1)2 —v*) =0
am = — m 2 m > 2

(m+r+v)(m+r—ov)’

It obviously turnsout ry =vandry = —wv.

From the result in class we know if r; — ry = 2v ¢ N, two independent solutions would be

found easily.

And if r; — ry = 2v € N, we may use the special technique.

However, we will see actually for Bessel Equations, the condition is slightly less strict:

Ifv ¢ N, then r and r, give two independent solutions.

1.2 Find the First Independent Solution

1.2.1 Find the First Independent Solution with the Larger r;

With the LARGER r; = v, we have

ar((v+1)2 —2%) =0
Am—2

Ay = — ) Z 2
(m + 2v)m
Soa; = a3 =a; =---=0and
B (—1)*aq
TR A f o) (24 0) - (k+0)
Question:

Notice v may not be an integer. Don't write as factories.

Then how do you simpliy this solution?



1.2.2 The Bessel Function of the First Kind
Recall Euler Gamma function's property:

[(s+1)=sI(s)

So it gives
I'k+1+v)
14+0)(2+0) - (k+v) = ———
R R
And by setting ag = ﬁ we will have the first independent solution be the Bessel function of
the first kind of order v

k

( ) io:lc'I‘ (k+1+4v) (§>2k

k=0

Question:
Which region of  does J, (z) defined?
Take v = 1 as example, we have

T oo (_1)k$2k
Ji(e)=25 T
1) =5 ,gg 2% (J; + 1)1k

1.3 Find the Second Independent Solution (v ¢ N)

Starting from if 2v_is not an integer, with the SMAIIER r, — —v, we have

a((v—172-4*)=0, a(2v—1)=0

am—2
a = - m > 2
" (m — 2v)m’ -

We havea; = a3 =a5 =---=0and

(—=1)*ag
2% K1 —v)(2 —v) -+ (n —v)

Q2 =

Similarly,

F(k+1—v)

1-v)(2-v)---(k—v) = T —0)

And by setting ag = the second independent solution will be the Bessel function of the

F(1+ )’
first kind of negative order —v

k

(e ( ) UZk’I‘kJrl—v)(z)%

k=0

Then the general solution is

y(z) = C1dy(z) + CoJ -y (2)



But actually, If 2¢.is an odd integer, which means v_is not an integer, the above results also holds.

And the combined conclusion is if v is not an integer, the above results will hold.
1.4 Find the Second Independent Solution (v € N)

1.4.1 Reduction of Order
Setys (z) = c(z) - J,(x), then
wzyfjﬂyz (2* = %) yo =
=a? (" (z)J, () + 2¢ ()]} (fc) c(z)Jy (z))
+z (c () () + c(x) ], (z)) + (2 — v*) c(x) -

)
=z*J, ()" (z) + (22°J,(z) + zJ,(z)) ¢ (z) = 0
=In|c'(z)| = (—21n|J, (z)| - In|z|)

)

1
=cd(z) = ———
dx
=c(z) = | —————
So a second independent solution is given as
dx
x)=J,(x
R

1.4.2 The Other Method

zo(t) = % (t’“ i ay, (r)tk>
k=0

ab, () d
— —1
as (1) dr na(r)

o0
=c-z1(t)Int + t™ z:a;c (7o) t*
k=0

=72

Practice:
Using 5 minites to try solving out the second solution by yourself.

Do you find any problems?

Instead of computing al, (r9), let's find these new constants in another way. Assume




Computing ya/, yo (), substituting in the original Bessel Equation, and make use of J,(z) is a
solution(as we have done by reduction of order), we can obtain all the constants a, ¢y, ¢, . . .

Let's try with the Bessel Equation of order 1.

(o)
yo(z) = aJy(z)Inz + 27! chxk] , >0
k=0
Substituting back and since J; (z) is a solution, we can simplify the equation to be
2azJ](z) — 1 —I—Z — 2k ckmk ! +chm =0
k=0

Substituting for J; (z) then

00 (_1)k(2k+1)m2k+1
@12 2% (k + 1)1k

k=0

—c1 + Z [(k2 + 2k) Crio + ck} "l =0
k=0

This first gives us ¢; = 0.

Further even powers of the left sum must vanish, so (k* + 2) cj2 + ¢, must vanish for odd &,
andthency =c3=---=0.

And from setting the coefficients of odd powers as 0, we have

(D (2k +1)

[(2k +1)* — 1] copra + con = et R k=0,1,2,3,...
For k = 0, we have
0-co+c¢cp=—
Now we notice c) — —a can be non-zero arbitraty real numbers, and we set cy = 1 and then
a = —1. Then
[(2k+1)* — 1] copra + con = (CDA 2k + 1), k=1,2,3,...

2%% (k + 1) !
For k = 1, we get

(3° =1)cs + o = (—1)3/ (2> - 2!)
Hence, c, can be selected in arbitrary, and then we fix the second independent solution.

In practice, we always choose ¢y = 2—12 and then we would be possible to simplify:

(_1)m+1 (Hm + Hmfl)
22 ml(m — 1)!

Com =

Where Hy, (z) := 1", 1, Hy = 0, is the Harmonic Numbers. So in conclusion we obtain:

i m+Hm 1)$2m

yo(z) = —Ji(z) Inz + 22m 1)

, >0



1.4.3 The Bessel Function of the Second Kind

Actually the second independent solution of Bessel Equations are written as the Bessel function
of the second kind of order v, which can be some linear combinition of J, (z) and the second
independent solution y, (x). In our specific case here of order 1, we set the Bessel function of the
second kind of order 1 as

Yi(e) = 2[4 (@) + (v~ n2)y(2)

But, in practice, the Bessel function of the second kind of order v can be found from J, (z) and
J_y(x):

And then the general solution can be written as

y(z) = C1Jy(z) + C2Y, (z)
2 Reduce Differential Equations to Bessel Equation
21 2%y +zy — (2 +0%)y=0
Exercise:

Show that the general solution of this equation can be expressed as

y(x) = C’lJv(—ia:) + CQY;,(*ZZC)

22 2%y + zy + (a®2® —v?)y =0
Exercise:

Show that the general solution of this equation can be expressed as

y(z) = C1Jy(az) + Cr Y, (ax)



23 2%y +azy + (2> —v*)y=0
Exercise:
Show that the general solution of this equation can be expressed as
y(@) = 2T [C1Jy(x) + CoYo ()]
Hint:

1-a

using the substitution y(z) = 27 2(x)

2.4 * For thoughts: ¢/ —zy =0
*Exercise:

Show that the general solution of this equation can be expressed as
y(:E) = Cl\/EJl (%w%) + CZ\/EJ,1 <%’L£B%)

3 3
Hint:

. d*y
be careful with —
dz?
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