@Chen Siyi

No

vember 16, 2020

Note7 Power Series Solutions

Note7 Power Series Solutions

1

AN

6.

1 Summary of Power Series Ansatz

2 ODE with Analytic Coefficients

3 ODE with Coefficents having Singular Points
3. 1 Regular Singular Points

4 Euler's Equation

5 The Method of Frobenius

5. 1 Basic Method
5.2 Find a Second Independent Solution

For homogeneous linear ODEs with variable coefficients, sometimes finding an explicit
solution is difficult, then we use the method of power series ansatz to solve/approximate
solutions.

Recall: homogeneous, linear, ordinary, variable coefficients.

Summary of Power Series Ansatz

Analyze the equation, decide whether we can use power series ansatz around some point
Choose which form of ansatz to use

Plug into the ansatz, get recurrence relationship of the coefficients

Set initial value of coeffiencients. solve for coefficients to get one or more independent
solutions

If not enough independent solutions are found, using reduction of order to find more
solutions

Obtain the general solution

2 ODE with Analytic Coefficients

z! + p(t)x! + q(t)z =0

Where P(t) and Q(t) are analytic in a neiborhood of ¢;.

1

"a neighborhood of ¢y"” contains %,

Then we can choose the ansatz



Accordingly,

zI(t) = 0 kay(t — to)* !

zn(t) = >0 k(k — )ag(t —to)F2

Plug the three equations back, we can obtain the relationship of the coefficients {ag, a1, as, ...}.

Depending on the situation, after setting values for first n terms (always 2), we can solve 1 ton
(expected) independent solutions.

If not enough indepedent solutions are found, sometimes we can use reduction of order to find
more.

Comments:
e The solutions found should be valid within its radius of convergence

Radius of Convergence of a Power Series:

‘C71+l‘
lenl

= limy, ;o0

° 1/n

= Sl

= limy, o0 |Cn|

3 ODE with Coefficents having Singular Points

The general form of a homogeneous linear second-order ODE with variable coefficients:
P(t)zn + Q(t)z! + R(t)x =0
It is said to have a singular point at ¢, if P(ty) = 0.

Generally around singular points, it's hard to decide or find continuous solutions. But there're
some specific cases we can deal with.

3.1 Regular Singular Points

z! + p(t)xl + q(t)z =0

is said to have a regular singular point at t if the functions (t — to)p(t) and (t — ty)?q(t) are
analytic in a neighborhood of ;. A singular point which is not regular is said to be irregular.

The general claim is: if an equation has a regular sigular point at £y, then we can assume

p_
p(t) = 7 + 220 pi(t —to)
- and use the ansatz z(t) = (t — tg)" Yoo ar(t — to)F

q_ q_
at) = oo T Em T it Gt t)

to find solutions.

4 Euler's Equation

t?’z" + ate’ + B =0, a,fcR



Analysis:

This is exactly the case where the equation 2" + a%a:’ + ﬁt%;c =0,

regular singular point at ¢ = 0.

Then we can choose the ansatz
z(t) =1t"

Inserting back and solve for r we get

(o —1)* — 48

e (a—1)2-48>0

w(t;C1,62) = Cltrl —+ Cgtm, Cc1,C € R

11—«

o (a—1)2—-48=0,pr =ry = need to use reduction of order

9 !

a, 8 € Ris having a

z(t;c1,c) =crt™ + cot™ Int, c¢1,c0 €R

Reduction of order:

For equation y/7 + p(t)y! + q(t)y = 0, and a known solution y; (z), let yo (z) = v(z)y1 (z),

then you can solve for y(z) using

Y1 () + (2y1/(t) + p(t)y1 (£))v = 0
° (a—1)?—-48<0

After getting 1 (t) = t"* = t*(cos(u1nt) + isin(u1nt)).
z2(t) = t" = t)(cos(ulnt) — isin(uInt)), further have

z(t;c1,c0) = 1t cos(pulnt) + ot sin(ulnt), ¢1,co €R

5 The Method of Frobenius
5.1 Basic Method

x4+ p(t)x! + q(t)x =0
t2an + t(tp(t))z! + t2q(t)z = 0
If it has a regular singular point at t = 0, then we can write out

tp(t) = > 2720 pit!
t2q(t) = X7 a5t

p; and g; are known constants for us

We choose the Frobenius ansatz

z(t) =1t Zaktk ap #0
k=0



Accordingly,

2 (t) = S5 (r + Kagt

2 () = Yo (r + B)(r + k — agt 2
Plug back into the equations we then get

(r(r— 1)+ por +qo)ap =0

((r+m)(r+m—1)+qo + (r+m)po) am + +mi: (@m-—r + (7 + Kk)pm—r) ar =0
k=0

Setting
F(z) := z(z — 1) + poz + qo
We get the indicial equation and recurrence equations to solve for a;,
F(r)=0

CLmF(’I’ + m) = - (mek + (T + k)Pm—k) ag, m > 1
0

B
Il

With the recurrence equations, you can usually generate out a easier recurrence equation.

For good and different r; solved by the indical equation, llus some assumed initial values for ag,

ay, ..., we are possible to solve for all ay.

If everything goes fine, with r; = ro are two GOOD solutions, you get two INDEPENDENT

solutions.
Question

Find the series solution to the below equation in the vicinity of z; = 0

22%y" + Te(x+ 1)y —3y=0

Answer



5.2 Find a Second Independent Solution

But things can go wrong if

® r; = ry:then need further work to obtain another solution (how? Later.)
® r; = ry + N:then though r; gives a solution, for ry, due to F(ry + N) = F(r;) =0,
o if the right-side of the recurrence equation vanishes for F(ry +m) = F(ry + N),

then ay is arbitrary, by setting a, as zero when dealing with r;, and as an arbitrary
non-zero number when dealing with 75, we can further find a second independent
solution. Though we can also use another general method (how? Later.)

o if the right-side of the recurrence equation doesn't vanish, need further work to obtain
another solution (how? Later.)

Noticing the above 3 cases have one thing in common: r; = ro + N, N € Nincluding 0.
There's a general method for the above cases.

The recurrence equations can give a relationship ay(r). Then we have

z2(t) = % (t’" i ay, (r)tk>
k=0

o0
=c-x1(t)Int +t" Zagc (ro) tF
r=r9 k=0

where the constant ¢ € R may vanish. If r; = ry, thenc = 1.

And a tricky way to find aly, (r2) is to use

al, () d
= —]_
ask (1) dr na(r)

But this method may still fail sometimes... why? Then are there other methods?

Concrete examples are in Note8.
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